ABSTRACT. The category of C-colored symmetric operads admits a cofibrantly generated model category structure. In this paper, we show that this model structure satisfies a weaker version of left properness. We also provide an example of Dwyer which shows that this category is not left proper.
INTRODUCTION
Operads are combinatorial devices that encode families of algebras defined by multilinear operations and relations. Common examples are the operads A, C and L whose algebras are associative, associative and commutative, and Lie algebras, respectively. Morphisms between operads systematically encode relations between different kinds of algebras. Colored operads, also known as (symmetric) multicategories, encode more complicated algebraic structures such as operadic modules, enriched categories, and even categories of operads themselves. In particular, colored operads provide a language for systematically studying morphisms between operads.
Our goal in this paper is to further the study of the Quillen model category structure of colored operads initiated in [Rob11, CMc, Cav14] . Specifically, we are interested in giving sufficent conditions for the model category structure of M-enriched operads to be relatively left proper; i.e. that the class of weak equivalences between Σ-cofibrant operads is closed under cobase change along cofibrations (Theorem 3.1.8). In any model category, the class of weak equivalences between cofibrant objects is closed under cobase change along cofibrations; notice that the class of Σ-cofibrant operads is much larger than the class of cofibrant operads, and includes small examples such as the associative operad A. For the category of reduced operads we get a strict left properness result (Theorem 3.1.9). Relative left properness of colored operads has several immediate applications. As an example, left properness makes it easier to identify homotopy pushouts since, in a left proper model category, any pushout along a cofibration is a homotopy pushout. This is not the case in general model categories, but relative left properness allows us to make similar statements.
Further, understanding when left properness holds allows us to describe the rectification of homotopy coherent diagrams and weak maps between homotopy O-algebras, as first proposed by Berger-Moerdijk in [BM07, Section 6]. More explicitly, it is well known that the structure of a model category on the category of M-enriched operads is important for the study of up to homotopy algebras over an operad such as A ∞ -algebras and E ∞ -algebras which are associative, respectively commutative "up to homotopy." The deformations of algebraic structures and morphisms between algebraic structures are controlled by up-to-homotopy resolutions of (colored) operads. These resolutions include the W-construction of Boardman-Vogt [BV73] , the cobar-bar resolutions of Ginzburg-Kapranov [GK94] and Kontsevich-Soibelman [KS00] , or the Koszul resolutions of Fresse [Fre04] . In their paper [BM07] , Berger-Moerdijk show that a coherent theory of up-to-homotopy resolutions of operadic algebras is provided by a Quillen model category structure on C-colored operads in a general monoidal model category M. (Relative) left properness is one way to establish when these resolutions can be rectified, in the sense of being weakly homotopy equivalent to strict O-algebras.
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COLORED OPERADS AND ALGEBRAS
In this section, we briefly recall the definitions of colored operads and algebras over colored operads.
2.1. Colors and Profiles. Throughout, let (M, ⊗, 1) be a closed, symmetric monoidal model category (as in [SS00, 3.1]) with all small colimits and finite limits. Let ∅ denote the initial object of M and Hom(X, Y) ∈ M the internal hom object. We will briefly give the necessary definitions and notations regarding colored objects in M. A more complete discussion of the following definitions can be found in [YJ14] .
Definition 2.1.1 (Colored Objects). Fix a non-empty set of colors, C.
(1) A C-profile is a finite sequence of elements in C, c = (c 1 , . . . , c m ) = c [1,m] with each c i ∈ C. If C is clear from the context, then we simply say profile. The empty C-profile is denoted ∅, which is not to be confused with the initial object in M. Write c = m for the length of a profile c. (2) An object in the product category ∏ C M = M C is called a C-colored object in M; similarly a map of C-colored objects is a map in ∏ C M. A typical C-colored object X is also written as {X a } with X a ∈ M for each color a ∈ C.
C is said to be concentrated in the color c if
we say that f is said to be concentrated in the color c if both X and Y are concentrated in the color c.
Now we are ready to define the colored version of Σ-objects underlying the category of colored operads. These objects are also sometimes called symmetric sequences, Σ-modules, or collections in the literature.
Definition 2.1.2 (Colored Symmetric Sequences). Fix a non-empty set C.
(1) If a and b are C-profiles, then a map (or left permutation) σ ∶ a → b is a permutation σ ∈ Σ a such that
This necessarily implies a = b = m. (2) The groupoid of C-profiles, which has objects the C-profiles, and left permutations as the isomorphisms, is denoted by Σ C . The opposite groupoid, Σ op C , is the groupoid of C-profiles with right permutations aσ = (a σ(1) , . . . , a σ(m) ) as isomorphisms. (3) The orbit of a profile a is denoted by [a] . The maximal connected subgroupoid of Σ C containing a is written as Σ[a]. Its objects are the left permutations of a. There is an orbit decomposition of Σ C
where there is one coproduct summand for each orbit [a] of a C-profile. (4) Define the diagram category
whose objects are called C-colored symmetric sequences or just symmetric sequences when C is understood. The decomposition (2.1.2.1) implies that there is a decomposition In the case where C = { * }, for each integer n ≥ 0, there is a unique C-profile of length n, usually denoted by [n] . We have Σ [n] = Σ n , which is just the symmetric group Σ n regarded as a one-object groupoid. So we have N(C) = N,
and
So one-colored symmetric sequences are symmetric sequences (also known as Σ-objects and collections) in the usual sense.
Unless otherwise specified, we will assume that C is a fixed, non-empty set of colors.
2.2. Colored Circle Product. We define C-colored operads to be monoids in SymSeq C (M) with respect to the C-colored circle product. In order to define the latter, we need the following definition. 
where the first map is the composite of the diagonal map and the isomorphism
We mainly use the construction ⊗ D when D is the finite connected groupoid
Convention 2.2.2. For an object A ∈ M, A
⊗0 is taken to mean 1, the ⊗-unit in M.
The Kan extension in (2.2.3.1) is defined as
(2) Since we consider left permutations of c in (2.2.3.1), we obtain Y
×Σ [c] with components
where the coproduct is indexed by all the orbits in Σ C , as d runs through C and Remark 2.2.6. We consider M C as a subcategory of M N(C) via the inclusion
We use this to consider O ○ − as a functor with domain M C in example 2.3.5.
Colored Operads as Monoids.
In the previous section we show that the category of C-colored operads is a category of monoids "with many objects." We make this explicit below.
Definition 2.3.1. For a non-empty set C of colors, denote by Operad
We write ∅ C for the inital object in Operad C .
Remark 2.3.2. Unpacking Definition 2.3.1, a C-colored operad is equivalent to a triple (O, γ, u) consisting of:
for each color c ∈ C, and
The triple (O, γ, u) is required to satisfy the obvious associativity, unity, and equivariance axioms, the details of which can be found in [YJ14] (11.14). The detailed axioms in the one-colored case can also be found in [May97] . This way of expressing a C-colored operad is close to the way an operad was defined in [May72] .
Remark 2.3.3. In the case C = { * }, write Operad for Operad C . Objects of this category are called 1-colored operads or monochromatic operads. In this case we write
is the orbit of the { * }-profile consisting of n copies of * (this orbit has only one object). Our notion of a 1-colored operad agrees with the notion of an operad in, e.g., [May97] and [Har10b] . Note that even for 1-colored operads, our definition is slightly more general than the one in [MSS02] (II.1.2) because in our definition, the 0-component O(0) corresponds to the empty profile, { * }. In general, the purpose of the 0-component (whether in the one-colored or the general colored cases) is to encode units in Oalgebras. Also note that in [May72] , where an operad was first defined in the topological setting, the 0-component was required to be a point. Definition 2.3.4. Suppose n ≥ 0. A C-colored symmetric sequence X is said to be concentrated in arity n if
(1) A C-colored symmetric sequence concentrated in arity 0 is precisely a C-colored object. In the
for all c. In other words, there is a lift Remark 2.4.2. We have a similar definitions of algebras over a reduced operad or algebras over a connected operad. When relevant, we will denote these categories by Alg 0 (O) and Alg 01 (O), respectively. 
Definition 2.4.3. Suppose
So the d-colored entry of the structure map µ consists of maps
here means that we can unpack µ further into maps
for all d ∈ C and all objects c ∈ Σ C . Then an O-algebra is equivalent to a C-colored object A together with structure maps (2.4.4.2) that are associative, unital, and equivariant in an appropriate sense, the details of which can be found in [YJ14] (13.37).
The detailed axioms in the 1-colored case can also be found in [May97] . Note that when c = ∅, the map (2.4.4.2) takes the form
for d ∈ C. In practice this 0-component of the structure map gives A the structure of d-colored units. For example, in a unital associative algebra, the unit arises from the 0-component of the structure map. (2.4.8.
2)
The colored operad Op C is the entry-wise image of Op C Set under this strong symmetric monoidal functor. Therefore, if M has a model structure in which 1 is cofibrant, then Op C is entry-wise cofibrant. In fact, when 1 is cofibrant, a careful inspection of Op C shows that its underlying symmetric sequence is cofibrant in SymSeq C (M). This is a key example for us, and we will elaborate on it more later.
Limits and Colimits of Colored Operadic Algebras. Limits of Alg(O) are taken in the underlying category of colored objects M
C via the free-forgetful adjoint pair 
Model Structure on Colored Operadic Algebras.
In this section we will assume that our cocomplete, closed, symmetric monoidal category M comes with a compatible cofibrantly generated Quillen model category structure, i.e. we assume that M is a monoidal model category. Throughout this paper, we will be assuming M satisfies a number of conditions. To simplify the listing of these conditions, we will make the following definition.
Definition 2.6.1. A monoidal model category M is called nice if
• M is strongly cofibrantly generated, i.e. the domain of each generating (acyclic) cofibration is small with respect to the entire category; • there is a symmetric monoidal fibrant replacement functor;
• there is functorial path data; • every object is cofibrant;
• weak equivalences are closed under filtered colimits.
Examples of nice monoidal model categories are sSet, Z-graded chain complexes in characteristic zero, and simplicial presheaves.
The category of C-colored objects, M C , admits a cofibrantly generated model category structure where weak equivalences, fibrations, and cofibrations are defined entrywise, as described in [Hir03] (11.1.10). In this model category a generating cofibration in M C = ∏ C M (i.e., a map in I) is a generating cofibration of M, concentrated in one entry. Similarly, the set of generating acyclic cofibrations is J × C. In addition, the properties of being simplicial, or proper, are inherited from M.
A functor F between two symmetric monoidal categories is called symmetric monoidal if there is a unit 1 → F(1) and a binatural transformation
satisfying unit, associativity, and symmetry conditions [Mac98] . One way to check if M admits functorial path data is to check if M admits an interval object defined as follows. Definition 2.6.4. We say that M admits a cocommutative, coassociative coalgebra interval J if the fold map 1 ⊔ 1 → 1 can be factored as
in which α is a cofibration, β is a weak equivalence, J is a coassociative cocommutative comonoid in M, and α and β are both maps of comonoids.
For example, the categories of compactly generated spaces and simplicial sets admit such cocommutative coalgebra intervals. The category of unbounded chain complexes over a ring which is not characteristic 0 admits an interval which is coassociative, but not cocommutative. Definition 2.6.6. A symmetric monoidal fibrant replacement functor is a functor f ∶ M → M together with a natural transformation r ∶ Id → f so that
• f is a symmetric monoidal functor, and • for every X and Y in M the following diagram commutes Remark 2.6.10. The statement of Theorem 2.6.7 has the obvious analogue for algebras over reduced operads or algebras over connected operads.
Definition 2.6.11.
• The fibrant C-colored operads are those which are locally
Every cofibrant operad is, in particular, Σ-cofibrant [BM06, Proposition 4.3].
Example 2.6.12. The associative operad A is the protoypical Σ-cofibrant operad which is not cofibrant. The commutative operad C is neither Σ-cofibrant nor cofibrant.
RELATIVE LEFT PROPERNESS OF OPERADS WITH FIXED COLORS
In this section, we show that the model category structure of Corollary 2.6.9 satisfies a property close to that of left properness, which we will refer to as relative left properness.
Definition 3.0.13. The model category Operad C is called left proper relative to the class of Σ-cofibrant operads if pushouts by cofibrations preserve weak equivalences whose domain and codomain are Σ-cofibrant.
The Pushout Filtration. Relative left properness of Operad
C comes down to a study of pushouts of C-colored operads. To do this we make use of the language of colored, planar trees.
Definition 3.1.1. Suppose m ≥ 1, t ∈ N(C), s j ∈ N(C) for 1 ≤ j ≤ m, and A ∈ SymSeq C (M).
(1) Denote by Tree(t) the groupoid of directed, planar, rooted, C-colored trees in which the input-output profile is given by t. The morphisms in Tree(t) are non-planar isomorphisms of C-colored trees. Definition 3.1.2. Suppose that G is a group and H ≤ G a subgroup. Then there is an adjoint pair
where the coproduct is indexed over the cosets of H in G.
The following definition appears in [Har10b] (7.10).
Definition 3.1.3 (Q-Construction). Suppose there is a map
Σ t is given as follows.
• Q t 0 = X ⊗t .
• Q t t = Y ⊗t .
• For 0 < q < t there is a pushout in M Σ t :
(3.1.3.1)
concentrated in the s-entry for some s ∈ N(C), consider a pushout
Then for a fixed r ∈ N(C), the r-entry of the map h is a countable composition
where for k ≥ 1 the h k are inductively defined as the pushout Then B has a canonical C-colored operad structure given as follows.
• For any finite group G, the category of G-objects, M G , has a natural structure of cofibrantly generated model category where weak equivalences and fibrations are defined entrywise, as described in [Hir03] (11.1.10). In this model category a generating (acyclic) cofibration is a G-equivariant (acyclic) cofibration in the category of M-objects with G-action. Because it will be important to keep track of which group we are working with, we will denoted these sets of generating cofibrations 
In practice, Γ will be the symmetric group acting on the inputs of a tree T in rTree.
Lemma 3.1.6. In the context of Lemma 3.1.4, suppose:
• M is a nice monoidal model category;
• A is Σ-cofibrant.
Then each map
on the left of (3.1.4.1) is an Aut(T, ds)-cofibration.
Proof. As in [BM03] Lemma 5.9, each (T, ds) has a grafting decomposition as (T, ds) = t n (T 1 , ds 1 ), . . . , (T n , ds n ) , where
• t n is the n-corolla;
be such that each (T ℓ , ds ℓ ) is isomorphic to exactly one (T j i , ds j i ), and let
There is a decomposition of the automorphism group,
where each n i ≥ 1 and n 1 + ⋯ + n k = n.
(1) The map i ◻k is a cofibration in M by the pushout-product axiom. Furthermore, it has a right Aut(T, ds)-action (i.e., G ⋊ Γ-action) because isomorphisms preserve distinguished vertices.
These two facts and Lemma 3.1.5 together imply that In any model category, cofibrations are closed under pushouts and coproducts. From the pushout (3.1.4.1), we will show that h A k is a cofibration. Fix a (T, ds) in rTree({s j }; r). Let u 1 , . . . , u k denote the normal vertices in (T, ds) and let (c 1 ; d 1 ) , . . . , (c k ; d k ) denote the input-output profiles for these vertices. Each vertex u i is a tree with one vertex so let G i ∶= Aut(u i ). Then, if the initial vertex of the larger tree (T, ds) is normal, the automorphism group of the whole tree Aut(T) = ∏ • The left vertical map in each of the back and the front faces is a cofibration.
.1). There is a commutative ladder diagram
• Both maps labelled as f * are weak equivalences.
The first statement was proved in the previous paragraph.
To see that f * is a weak equivalence, note that a coproduct of weak equivalences between cofibrant objects is again a weak equivalence. Within each coproduct summand, the map ⊗ A(u) → ⊗ B(u) is a weak equivalence because it is a finite tensor product of entries of f , each of which is a weak equivalence between cofibrant objects. Tensoring this map with either of the cofibrant objects Q k k−1 or Y ⊗k yields a weak equivalence, which shows that f k is a weak equivalence and finishes the induction. A similar proof leads the following related theorem. 
